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ABSTRACT: The analysis of a crosstie railroad track in the lateral plane has traditionally been based on the
theory of a beam on an elastic foundation, in which the bending rigidity of the track structure is assumed to be
twice the rigidity of a single rail, and the ballast resistance is represented by a linear Winkler foundation with
modulus k. The traditional analysis ignores the contribution of the ties and rail-tie fasteners to the bending
stiffness of the track and the nonlinearity of the ballast resistance. In the present paper the analysis of an infinitely
long crosstie track subject to a concentrated lateral load is presented. The analysis is based on the new track
equations derived by Kerr and Zarembski in 1981. These equations explicitly account for the contribution of
the rails, ties, and fasteners to the bending stiffness of the track. A bilinear approximation is assumed in modeling
the lateral resistance due to the ballast. A closed form solution for the track deflection is obtained using the new
equations, for displacements in the linear regime. A closed-form solution is obtained for the nonlinear response,
using a simplified set of track equations. A method for determining the model track parameters is presented that
is based on a least-squares fit to experimental load-deflection data. Results show that the analytical solution
accurately predicts the measured data, for the full range of loads and over the entire length of the track.

O.f-...-........ -+-.-+,-+.__......,.1--'_..., -+-.-,__'_I
t .,. 10 IZ .. -II '.

where p(x) = ballast resistance; k = initial linear stiffness; Po
= constant resistance; vex) = lateral track deflection; and v* =

Lateral Displacelr.ent ( 11'..:1 I

FIG. 1. Ballast Resistance versus Lateral Displacement (Dog­
neton 1978)
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equations have been validated experimentally and analytically,
for the track-structure without ballast, for static load by Kerr
and Zarembski (1981b) and by Kerr and Accorsi (1987), and
for the dynamic case by Kerr and EI-Sibaie (1987a,b). A sim­
plified version of the equations has also been studied that are
easier to solve, yet still retain the explicit functionality of the
various track components. The simplified equations have been
shown to be accurate, for the track structure without ballast,
for a wide range of track parameters (Kerr, unpublished report,
1984).

The purpose of this paper is to present the analysis of a
crosstie track using the new track equations and a nonlinear
model for the ballast resistance. The analysis is for an infi­
nitely long track embedded in ballast, subject to a concentrated
lateral load. A bilinear approximation is assumed for the lateral
resistance due to the ballast, as shown in Fig. 3, in which

INTRODUCTION

The stress and deformation of a crosstie railroad track in
the lateral plane has traditionally been calculated using the
theory of a beam on an elastic foundation, in which the lateral
bending rigidity of the track structure is assumed to be twice
the rigidity of a single rail. Also, the resistance provided by
the ballast is assumed to be linearly related to the track de­
flection. This analysis neglects the contribution of the ties and
rail-tie fasteners to the bending stiffness of the track; further­
more, experiments suggest that the lateral resistance provided
by the ballast is highly nonlinear (Fig. 1). To overcome some
of these limitations, complex finite-element analyses have been
conducted that take into account these and other effects (Ar­
babi and Li 1988), while others have proposed nonlinear mod­
els for the ballast resistance. Many of these approaches are
either too time consuming and complex for routine design
analyses, or they neglect the significant contribution of some
of the track components just mentioned.

Kerr and Zarembski (1981a) systematically derived a set of
three differential equations for the analysis of a crosstie rail­
road track in the lateral plane; subsequently, the equations
were generalized by Kerr and Accorsi (1985) for the analysis
of frame-type structures. The analytical model of the track is
shown in Fig. 2. The derivation used the fact that the track
consists of a series of repetitive units; therefore, the stiffness
of anyone interior joint is identical to the stiffness of another.
Based on this, equations of equilibrium were derived for any
arbitrary joint using slope-deflection equations. Difference
equations were then written for adjacent joints and differential
equations were derived in a limiting process, in which the tie
spacing tends to zero. The resulting equations have well-de­
fined coefficients in terms of the flexural rigidity of the rails
and ties, torsional resistance of the rail-tie fasteners, distance
between the rails, and the center-to-center tie spacing. The
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FIG. 2. Analytical Model of erosstle Track

where

FORMULATION AND SOLUTION FOR 9 < 9* USING
NEW TRACK EQUATIONS

N da - da A -=-2EA dx; N =-EA dx; M =M b + M (6-8)

(5)K* =Eolo

ah

s
s* =-;

a
12K*s*

K - •
- 6K* + s*'

In the preceding equations, vex) and 12(x) =lateral and axial
displacement of the track axis, respectively; a(x) = axial dis­
placement of an individual rail due to lateral bending; E =
Young's modulus of the rail steel; 1 = moment of inertia of
one rail with respect to its vertical centroidal axis; A = cross­
sectional area of one rail; Eo = Young's modulus of the tie; 10

= moment of inertia of the tie with respect to its vertical cen­
troidal axis; s = rotational stiffness of one rail-tie fastener; a
=tie spacing; and h =track gauge. The internal member forces
for the track structure are

d 2 fJ _ da
Mb = -2El dx2 ; M = -hEA dx (9,10)

.(', d 3 fJ dfJ 2K
v =-2El dx3 - (N - K) dx - h a (11)

where N =axial force of the track beam; N =axial force in a
rail due to lateral bending; M = total bending moment of the
track beam; M b =bending moment in two rails; Sf =bending
moment due to IiI; and li' = shear force in two rails.

NEW TRACK EQUATIONS

critical deflection that defines the transition point as shown in
Fig. 3. The exact and simplified new track equations are solved
in closed-form, assuming a linear foundation response (Le., for
v< v*). Results of the two analyses are compared for a range
of realistic track parameters and shown to be in good agree­
ment. The simplified equations are then solved for v > v*.
Closed-form expressions are obtained for the track deflections
and bending moments, that are suitable for routine design and
analysis. Finally, a method for determining the necessary track
parameters from recorded test data is presented.

/I.
l' Lateral Deflection (v)

FIG. 3. Bilinear Approximation for Ballast Resistance

The differential equations governing the response of the
track beam, shown in Fig. 2, as derived by Kerr and Zarembski
(l981a) are

(2) Consider the problem of an infinitely long crosstie track
embedded in ballast and subject to a concentrated lateral load

JOURNAL OF TRANSPORTATION ENGINEERING / MAY/JUNE 1997/203

 J. Transp. Eng., 1997, 123(3): 202-208 

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

U
ni

ve
rs

ity
 o

f 
Il

lin
oi

s 
A

t U
rb

an
a 

on
 1

0/
06

/1
7.

 C
op

yr
ig

ht
 A

SC
E

. F
or

 p
er

so
na

l u
se

 o
nl

y;
 a

ll 
ri

gh
ts

 r
es

er
ve

d.



In a similar manner, boundary condition (16) is expressed in
terms of v as

The solution to (20) is obtained by assuming v(x) = emx
,

which yields the characteristic equation

xp

(a)

AV 0 PK
V ( ) =8(Eli (22)

(23)

(24)

m6 - ~2m4 + am2
- -y =0

Setting n = m2 yields

n3 - ~2n2 + an - -y =0

which can be positive, negative, or zero, depending on the
value of the track parameters. When C is positive, there is one
real root and a pair of complex conjugate roots, and the re­
sulting solution for the track deformation is in the form of a
decaying harmonic, which is similar in form to the traditional
analysis. In this case, the roots of (24) can be expressed as

~2
nl = -(R, + R2) + - (26)

3

R. + R2 ~2 • v'3
n2.3 = 2 + '3 ± I "'2 (R1 - R2) (27)

The nature of the roots of (24) are governed by the function
(Beyer 1981)

I
C = - {4a3 + 27-y2 + 4~6-y - ~4a2 - 18~2a-y} (25)

27

, t1:D~.llllli

p(x) ""' P lor v> v'
" (c)

.A~;....--p(y) = k ~(y) lor v < v'

FIG. 4. Definition Diagram

p

~

~p(x) = k~(x)

(b)

P [Fig. 4(a)]. The origin of the coordinate system is placed at
the load, with positive x to the right. According to the bilinear
approximation, for v< v*, the resistance exerted by the ballast
on the track structure is represented by a Winkler foundation
with track modulus k [Fig. 4(b)]. Assuming fl == 0 and noting
that q == 0, (2) and (3) reduce to

in which

R1= .vQ +2W; R2 = .vQ -2W; Q = -:t + ~~a - -y

(28)

2Elv"" - KV" + 2K a' + kv =0
h

,,2K K A' 0EAa - -a + - v =
h2 h

(12)

(13)

It follows that the roots of (23) can be expressed as

ml.2= ±~ = ±,

m3.4 =±~ = ±(~ + i'TJ)

m5.6 =±~ = ±(~ - i'TJ)

(29)

(30)

(31)

Eqs. (12) and (13) are coupled ordinary differential equations
with constant coefficients. The two equations can be uncou­
pled as follows; solving (12) for a' yields

(32)

(33)

in which

~' ~.
R~ - R,R, + R~ + "3 (R, + R,) + 9"

(34)

With the roots evaluated, the general solution to (20) can be
written as

(18)

(19)

(14, 15)

(16, 17)a(o) =0; lim {v, v', a} -+ finite

in which ( )' = dldx. The necessary boundary conditions are

v' (0) = 0; v"'(O) = 4~1

EAa'" - 2K a' + ~ v" =0
h2 h

_, -Elh A"" h A" kh Au =--v +-v --v
K 2 2K

Differentiating (13) once yields

Differentiating (18) twice with respect to x and substituting
that and (18) into (19) yields a single sixth-order equation for
the lateral deflection of the track beam (35)

(36)

in which

2 K ( 41) k Kk
~ = 2EI 1 + Ah2 ; a =2EI; -y =E21Ah2

(20)

(21)

Finally, substituting (35) into boundary conditions (14), (15),
(17), and (22) yields for the six unknown coefficients

- P [4(~2 + 'TJ2) - 2j32]

a2 =8EI' [2,2(~2 + "12) _ (~2 + 'TJ2i _ ,4]
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in which ex and ~2 are given in (21) and (39), respectively.
The necessary boundary conditions are

v'(O) =0; v"'(O) =..!.-; lim {v, v'} ~ finite (47-49)
4EI z-+"

P [(1]4 - 1O~21]2 + 5~4) _ ,4 + ~2(,2 - 3~2 + 1]2)]
0, =8E/~ (~2 + 1]2)[2,2(~2 + 1]2) _ (~2 + 1]2)2 _ ,4]

(37)

P [(~4 _ 1O~21]2 + 51]4) _ ,4 + ~2(,2 + 31]2 _ ~2)]

06 =8EI1] (~2 + 1]2)[2,2(~2 + 1]2) _ (~2 + 1]2i _ ,4]

v"" - ~2V" + exv =0 (46)

(39)

(52)

(38)

and 01 =03 =04 =0, and where

- K

~ =2EI

Eq. (35) could be compared to the traditional analysis which
assumes the bending rigidity is twice the rigidity of a single
rail. In this case, however, the equations for the track deflec­
tion and internal member forces are explicit functions of the
geometric and material properties of the rails, ties, fasteners
and ballast. Note that the axial deformation of the track, a,
can also be obtained by substituting the solution for vex) into
(18) and integrating.

The maximum track deflection, at x = 0, is given by

(40)

The general solution to (46) is

vex) =e-tZ(ol cos 1]X + 02 sin 1]x) + etZ(03 cos 1]X + 04 sin 1]x)
(50)

in which

1 1 _ ex k
~ =2" \/4X

2 + ~2; 1] =2" \/4X2 - ~2; X
4 ="4 =8EI (51)

provided ex > ~2/4, or k > K2/(8El).
Substituting (50) into boundary conditions (47) through (49)

yields

P 1 P 1
0. = 8EI ~(~2 + 1]2); °2 = 8EI1](~2 + 1]2)

and 03 = 04 = O. The resulting equation for the track deflec­
tion is

and the maximum bending moment in the two rails, at x =0,
is given by

Mb(O) =-2EI(,202 + (~2 - 1]2)0, - 2~1]a6) (41)

Using (40) and (41), parametric studies may be conducted to
determine the effect of varying track parameters on the re­
sponse of the track.

SIMPLIFIED TRACK EQUATIONS

The new track equations [(2) and (3)] are coupled through
the term -2alh + v', and its derivative,. which represents the
angle through which the crossties rotate in the horizontal plane
as the track deforms laterally. The exact equations can be un­
coupled, as illustrated in the previous section; however, the
resulting equation is of higher order, thus making a closed­
form solution for the nonlinear foundation response (v > v*)
nearly intractable. However, if it is assumed that

2a A'h«V

then the new track equations become

(42)

vex) = ~ 2 e-tZ(1] cos 1]X + ~ sin 1]x) (53)
8E/~1](~ + 1] )

The accuracy of the simplified equation can be established
by comparing the simplified and exact solutions for a typical
track. The deflection at x =0, as predicted by the simplified
and exact equations [(40) and (53)], is presented in Fig. 5, for
varying k and three values of s. These results correspond to a
track with E = 206 X 106 kN/m2 (30 X 103 ksi); 1= 5.13 X
10-6 m4 (12.32 in.4); Eo =9.8 X 106 kN/m2 (1.42 X 103 ksi),
10 = 2.35 X 10-4 m4 (565 in.4), A = 7.686 X 10-3 m2 (11.91
in.2

), °=0.5 m (19.5 in.), and h = 1.51 m (59.4 in.). Note for
this case 411Ah 2 = 0.00117. In these figures the solid line cor­
responds to the solution of the exact equations, the circular
points correspond to the simplified equations. Note that the
results are indistinguishable for the range of k [2,000-12,000
kN/m2 (0.3-1.7 ksi)] and s [100-2,000 kN-rnIrad (900-18,000
kip-in.lrad)] studied.

FORMULATION AND SOLUTION FOR q> q* USING
SIMPLIFIED EQUATIONS

According to the bilinear approximation, the track deflects
laterally under a linearly increasing lateral resistance until it

(43,44)

Track Modulus k [kN/m']

FIG. 5. Comparison of Deflection at x = 0 from Simplified and
Exact Solutions

-- Exact Equations

o Simplified Equations

12000100008000

0.18

0.16

0.14

f 0.12

...
0.1

~<,.
0.08

0.06

0.04

0.02
2000 4000 6000

A K
2Elv"" + (N - K)f/' = q(x); EAa" + h v' = 0

The simplified track equations [(43) and (44)] were found to
be valid for static loading of the track structure without ballast,
if 4/1Ah2 « 1 (Kerr and Accorsi 1987), which is generally
the case for most cross-tie tracks (e.g., 4/1Ah2 = 0.001 « 1,
for a track with UIC rail and standard wooden ties). Note that
(43) and (44) are uncoupled, yet the equations still retain the
explicit functionality of the various track parameters.

The simplified expressions for the internal forces are as
given in (6)-(11), with the exception that the shear force is

V= -2Elv'" - CN - K)V' (45)

FORMULATION AND SOLUTION FOR q< q* USING
SIMPLIFIED EQUATIONS

An analysis of the track structure is conducted, as in the
previous section for v< v*, using the simplified equations and
the ballast represented by a Winkler foundation with modulus
k. The governing equation for v can be expressed as

JOURNAL OF TRANSPORTATION ENGINEERING / MAY/JUNE 1997/205

 J. Transp. Eng., 1997, 123(3): 202-208 

D
ow

nl
oa

de
d 

fr
om

 a
sc

el
ib

ra
ry

.o
rg

 b
y 

U
ni

ve
rs

ity
 o

f 
Il

lin
oi

s 
A

t U
rb

an
a 

on
 1

0/
06

/1
7.

 C
op

yr
ig

ht
 A

SC
E

. F
or

 p
er

so
na

l u
se

 o
nl

y;
 a

ll 
ri

gh
ts

 r
es

er
ve

d.



reaches a maximum constant value Po. Referring to (53), this
occurs when V(O) = v* = P/8E/~(~2 + '112

) = P}'?/2k~, Le.,
when the load reaches

For P > P*, the track is divided into two regions, as defined
by the coordinates x and y [Fig. 4(c)]. In the region 0 < x <
I, the track deflection is denoted by V. and the ballast resistance
is p(x) = Po = constant; in the region 0 < Y < 00, the track
deflection is denoted by vy and the ballast resistance is repre­
sented by a Winkler foundation with modulus k. It should be
noted that length 1is variable and is determined as part of the
analysis. The unknown length will depend on the load P, such
that 1= 0 when P = p* and 1 increases as P increases.

The simplified track equations governing the two regions
are

A= (21\1 + l)sinh ~l +~ cosh ~l (77)

The final matching condition, (62), is used to determine the
unknown length I. Substituting (67) and (68) into (62) and
simplifying the result yields

21\1 P~ + {.!.~ + [2(j31) - P~] (21\1 + I)} cosh ~l
Po 1\1 Po

+ {i (21\1 + 1) - 41\1 + [ 2(~1) - :~] 'V'4tji+l} sinh 131 =0

(78)

(76)

(75)b3 =0; b4 =0

in which $ = '11.2/132 and

11 =(2$ + l)cosh ~l +~ sinh j31(54)
2k~v*

P*=~

2Elv~" - KV~ + Po =0 0 s x s I (55)

2Elv;" - KV; + kVy =0 0 s Y s 00 (56)

rewritten

V~" - ~2V~ =-Po 0 s x s I (57)
2EI

v;" - ~2V; + avy =0 0 s Y s 00 (58)

These two fourth-order equations require nine boundary and
matching conditions to determine the eight integration con­
stants and the as yet unknown length 1. They are

Eq. (78) is a nonlinear algebraic equation in the nondimen­
sional length parameter ~I. It depends only on the parameters
P~/Po and $. Eq. (78) was solved numerically for 131 for a
range of values for P~/Po and $. Results are presented in Fig.
6. With the length 1determined, the solution is complete.

Eq. (67) and (68) are closed-form expressions for the de­
formation, and with appropriate derivatives the internal mem­
ber forces, of the track structure as functions of the geometric
and material properties of the track and ballast. In this case,
however, the analysis is valid for deformations in which the
ballast response is nonlinear. The maximum deflection, at x =
0, is given by

(79)

(80)

5040302010

PpIP.

FIG. 6. Determination of Length I

5

10

I;;;"
15

25

20

30 ....----r----.------,r-----r-----,

and the maximum bending moment in the two rails, at x = 0,
is given by

(74)

(65,66)

(59-61)

(62-64)

vii) = viO)

v~'(l) =v;'(O)

lim {vy , v;} -+ finite.....~vy(O) = v* =Po;
k

A'(O) 0 A"'(O) p.v. =; v. = 4EI'

-1 {4PoI\I PAl P -P
a\ = 4EII1 ~4 + ~3 ; a2 = 4E/~3; a3 = 4E/~2 (69-71)

a4 =4;111 {;~4 [11(1 - 21\12(~1)2) + 81\13 cosh ~l]

+ ~[~111 +~]}
p (72)

bl = v* (73)

b2 = ~ { P04 [~(1 - 21\1)cosh ~l
2EII1 41\1 - 1 4'11.

+ (1 - 81\1 2)sinh ~l] + ~}

Eq. (57) is a fourth-order, nonhomogeneous equation with
constant coefficients; the general solution to the equation is

A -. - Pox
2

v.(x) =al cosh ~x + a2 smh ~x + a3x + a4 + 4E/~2 (67)

The solution to (58) is (50), rewritten as

vy =e-~Y(b\ cos 1JY + b2 sin 1JY) + eEY(b3 cos 1JY + b4 sin 1JY)
(68)

where 13 is defined in (39) and ~ and '11 are defined in (51).
Substituting (67) and (68) into (59)-(61) and (63)-(66), yields
the eight integration constants
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FIG. 8. Comparison of Analytical and Experimental Results
with k = 22,500 kNIm2 (3.26 ksl), ~* =0.066 em (0.025 In.) and. =
9.8 kN-m/rad (87 klp-lnJrad), and Po =0.15 kNiem (0.085 klpnn.)
[Experimental Data from Choros et al. (1980))
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FIG. 9. Comparison of Ana~lealand Experimental Deflection
Profiles with k =22,500 kNim (3.26 ksl), ~*=0.066 em (0.025 In.)
and. =9.8 kN-m/rad (87 klp-lnJrad), and Po =0.15 kNiem (0.085
klplln.) [Experimental Data from Choros et al. (1980))
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Deflection versus x
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100 ...----..--.....---...----..---.----,

80

were determined from the test data shown in Fig. 7. The track,
which was tested at the Association of American Railroad's
Track Laboratory, in Chicago, Illinois (Choros et al. 1980),
was constructed of 136 RE Rails, 177 mm by 228 mm (7 in.
by 9 in.) wooden ties spaced at 495 mm (19.5 in.) on center,
and cut spike fasteners. The ballast consisted of No.4 AREA
limestone, 304 mm (12 in.) deep with 304 mm (12 in.) shoul­
ders, on top of a 152 mm (6 in.) limestone subballast. The
track has the following properties: E = 206 X 106 kN/m2 (30
X 103 ksi), I =6.04 X 10-6 m4 (14.5 in.4

), Eo = 9.8 X 106

kN/m2 (1.42 X 103 ksi), 10 = 1.77 X 10-4 m4 (425 in.4
), a =

0.5 m (19.5 in.), and h =1.51 m (59.4 in.).
The least-squares procedure was implemented as described

previously. The parameters that best fit the load-deflection data
for the track were determined to be k = 22,500 kN/m2 (3.26
ksi), v· = 0.066 cm (0.025 in.), and s = 9.8 kN-m/rad (87 kip­
in./rad). This yields a value Po = 0.15 kN/cm (0.085 kip/in.).
The value obtained for s is fairly low, as one would expect
for a track with cut spike fasteners.

Fig. 8 presents a comparison between the experimental data
and the analytical results, with the track parameters previously
determined. The solid line represents the analytical results, the
circular points the experimental data. Note that the analytical
results agree extremely well with the experimental data, over
the entire load range. Presented in Fig. 9 is a comparison be­
tween the analytical and experimental deflection profiles.

(81)
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DETERMINATION OF TRACK PARAMETERS AND
COMPARISON OF ANALYTICAL AND
EXPERIMENTAL RESULTS

80 -

In addition to the standard track parameters, E, I, Eo, la, a,
and h, values for k, v·, Po, and s are needed to conduct an
analysis of the track response. If these properties are known
for a section of track that is similar in design and construction
to the analyzed track, these may be used in the calculations;
otherwise, values must be determined using a more direct ap­
proach. One approach would be to conduct one test to deter­
mine the rotational stiffness s of a fastener, and another test
of a rigid track in ballast to measure the ballast parameters k,
p, and v·. The alternative is to infer the parameters from load­
deflection data of a tested track. A method for determining the
parameters using the latter approach is proposed herein that is
based on a least-squares fit to load-deflection test data.

Assume that lateral load-deflection data is obtained for the
section of track to be analyzed, or for a section of track of
similar design and construction. Deflections are recorded at the
point of application of the load and measurements are taken
at several load increments. It is assumed that the load is ap­
plied well into the nonlinear regime of the ballast response.
Thus, corresponding to each load level Pi> there exists a mea­
sured deflection Vi' With this information, a load versus de­
flection-at-the-load curve is constructed, like the one shown in
Fig. 7. Using this data, and the simplified equations for de­
flection at x = 0 [(53) evaluated at x = 0 and (79)], a trial and
error procedure is used to determine the parameters that min­
imize the squared error between the analytical and experi­
mental results.

The least-squares method is implemented as follows. Values
for v·, k and s are assumed, from which are computed Po =
kv· and p •. Deflections [denoted as viO)!p_p, = vx,] are then
computed for each experimental load Pi> using (53) if PI < p.,
and using (79) if Pi > p.. Finally, the sum of the squared
errors between the analytical predictions and experimental data
is computed for the assumed track parameters, i.e.,

where n =number of experimental data points. The procedure
can be implemented in a simple computer program that
searches for the best fit within a range of reasonable values
for the three track parameters. The values k, v·, and s that
minimize R2 are the final track parameters.

To illustrate the procedure in an actual problem, parameters

o L..-__'L..-__L..-'__L..-1__L..-'__L..-'_--,

o 5 10 15 20 25

Deflection [mm]

FIG. 7. Experimental Load-Deflection Data [from Choros et al.
(1980))
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Again, the solid lines correspond to the analytical solution and
the discrete points, the experimental deflections (at different
tie locations). Once again, the analytical solution is in close
agreement with the experimental data, over the entire length
of the track, and for various load levels.

CONCLUSIONS

An analysis of a crosstie track in the lateral plane has been
presented that is based on the new track equations derived by
Kerr and Zarembski (198Ia). Closed-form solutions were ob­
tained for the exact and simplified new track equations, when
the ballast resistance was modeled as a linear Winkler foun­
dation with modulus k. Results of the two linear analyses were
compared and shown to be in good agreement, thus justifying
the use of the simplified equations. A closed-form solution was
also obtained for the track deflection using the simplified equa­
tions and a bilinear approximation to the nonlinear ballast re­
sistance. The resulting solutions have well defined coefficients
in terms of the geometric and material properties of the rails,
ties, rail-tie fasteners and ballast. A method for calculating the
corresponding track parameters was presented that is based on
a least-squares fit to experimental load-deflection data. Finally,
a comparison between the analytical and experimental results
showed good agreement over the full range of loads and over
the entire length of track.

The results presented should be useful for designers of
crosstie railroad tracks. The solutions represent a significant
advance over the traditional analysis, which ignores the con­
tribution of the ties and rail-tie fasteners to the bending stiff­
ness of the track, and the nonlinearity of the ballast resistance.
The results may be used to easily compare different design
alternatives, which should result in improved and more eco­
nomical designs. Finally, the solutions may be used to conduct
parametric studies to determine the effect of varying track pa­
rameters on the deformation and stress of the track.
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APPENDIX II. NOTATION
The following symbols are used in this paper:

A = cross-sectional area of single rail;
a = rail tie spacing;
E = Young's modulus of rail steel;

Eo = Young's modulus of ties;
h = track gauge;
I = moment of inertia of single rail about its vertical centroidal

axis;
10 = moment of inertia of a tie about its vertical centroidal axis;

K* = track parameter that is function of flexural rigidity of tie,
tie spacing, and track gauge;

k = initial linear stiffness in ballast resistance function;
!VI = total bending moment in track beam;
M = bending moment due to N;

Mb = bending moment in two rails;
N = axial force of track beam;
N = axial force in rail due to lateral bending;
P = lateral load;

p* lateral load at which the displacements are no longer linear;
s rotational stiffness of single rail-tie fastener;

s* = rotational stiffness divided by tie spacing;
u = axial displacement of track axis;
V = shear force in two rails;
fj = lateral displacement of track axis;

fj* = transition displacement in ballast resistance function;
K = track parameter which is function of K* and s*; and

Po = constant ballast resistance.
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